The knowledge of frequency-dependent dynamic stiffnesses of mounts, in axial and flexural motions, is needed to determine the behavior of many automotive sub-systems. Consequently, characterization and modeling of vibration isolators is increasingly becoming more important in mid and high frequency regimes where very few methods are known to exist. This paper critically examines some of the approximate identification methods that have been proposed in the literature. Then we present a new experimental identification method that yields frequency-dependent multi-dimensional dynamic stiffnesses of an isolator. The scope is however limited to a linear time-invariant system and our analysis is restricted to the frequency domain. The new characterization method uses two inertial elements at both ends of an isolator and free boundary conditions are maintained during testing. Multi-dimensional mobility synthesis formulation is also developed to predict the behavior of overall system, and the decomposed motilities of mount are extracted using synthesized mobilities. The proposed identification method is applied to one simulation example and one practical rubber isolator, and experimental results are successfully compared with data measured on commercial equipment for axial motions.
INTRODUCTION
Experimental methods must be adopted to dynamically characterize stiffnesses of rubber, hydraulic, air and metallic isolators since they invariably exhibit frequencydependent properties and are sensitive to mean loads and dynamic excitation levels [1] [2] . Historically, characterization methods have focused on axial or compressional stiffness since many vibration isolation measures consider only this component [1] [2] [3] [4] [5] [6] . However, it has been shown that the rotational stiffness could be a significant contributor to the vibration transmission [7] . Also, in most studies only the lower frequency range has been considered [6] [7] [8] , and consequently the direct measurement of dynamic stiffness on commercial machines is typically limited to lower frequencies [9] . Several approximate identification methods for transfer stiffness of resilient elements have been proposed for axial (compressional) motions at higher frequencies [10, 11] ; these have been further refined for lower frequencies [12, 13] . One such approximate method has also been applied to the identification of flexural stiffnesses [12] . Recently, a new characterization method has also been proposed to examine the nonlinear behavior of isolators at lower frequencies but it is also limited to axial motion [14] . Overall, an appropriate characterization method for the measurement of multidimensional stiffnesses of an isolator has yet to be proposed. The underlying measurement and estimation issues are even more difficult as the frequency increases [6, 7] . In this article, we propose a new dynamic characterization method that should be valid over low, mid and high frequency regimes. Further, we introduce a new isolator stiffness matrix formulation. Some subsets of this concept will be examined and compared with existing experimental techniques [10, 11] , as well with some recent literature [12, 13] . Problem formulation is conceptually shown in Figure 1 . Primary objectives of this study include the following: 1. Propose an analytical framework, based on mobility synthesis method of Figure 1 (b) that will synthesize or extract a multi-dimensional stiffness matrix at any given frequency ( ω); 2. Suggest a new experimental identification method for spectrally-varying multidimensional properties of an isolator (in terms of mobility or stiffness); 3. Apply the proposed identification scheme to one simulation example and one practical isolator example of Figure 2 up to 2 kHz; 4. Examine the methods proposed by Thompson et. al. [10] [11] [12] [13] and their underlying assumptions using analytical and numerical methods; and 5. Validate the proposed identification scheme by comparing results with data measured on a commercial machine. The scope is limited to a linear time-invariant (LTI) system, and the effects of preload, etc are not considered. 
MULTI-DIMENSIONAL MOBILITY SYNTHESIS FORMULATION
SOURCE, PATH AND RECEIVER SYSTEM: Harmonic velocity and interfacial force vectors between subsystems can be expressed as follows, with reference to Figure 1 (b):
Here, ij ij , β α and ij γ represent the mobility matrices of source, path and receiver respectively and the ubiquitous ( ω) term is dropped for the sake of brevity since only the frequency domain representation is considered. Also, refer to List of symbols for nomenclature. Synthesized formulation is obtained by using the motion compatibility
and the force equilibrium
at each interface (2 or 3). The mobilities (M ij ) of synthesized system are represented in terms of mobilities of components ij α , ij β and ij γ . Details may be found in reference [15] .
DECOMPOSITION OF COMPONENT MOBILITIES:
Let us assume that an isolator acts as a path in Figure 1 (b). Its mobility ij β for i, j = 2, 3 is defined where
. Therefore, we need to extract four unknowns 22 β , 23 β , 32 β and 33 β from the mobilities of the combined system. Details are given in reference [15] . Elastic beam 
SIMULATION EXAMPLE FOR MOBILITY SYNTHESIS AND DECOMPOSITION
characterizes the relationship between multi-dimensional excitations at frequency ω and the steady state velocity responses through the rigid mass (m). First, the mobility matrix M ) (ω is defined in terms of velocity vector V G at the mass center (G),
where G F is excitation vector. Decompose the formulation in terns of translational (v) and rotational (w) components, and define 
The mobility matrix of a rigid body, between any two points i and j, can be determined as follows: 
EXAMINATION OF APPROXIMATE METHODS
Several attempts have been made for the identification of transfer stiffnesses including the rotational component [10] [11] [12] [13] . Such schemes typically consider a resilient element that is located between two inertial components as shown in Figure 7 . The first method focuses on high frequency properties [10] [11] and it may be applied to either axial or flexural motions. And, the second method improves the axial (compressional) stiffness at low frequencies by modifying the first scheme [12] [13] . In our study, key procedures of such approximate methods are briefly explained, using the mobility method for the sake of consistency. Both approximate schemes are analytically examined using a simulation example. Further, the second approximate method is extended to the identification of flexural stiffnesses.
APPROXIMATE METHOD FOR AXIAL MOTIONS:
The discrete system of Figure 7 is examined using the mobility method. The governing equations are
)
Using (5a-f) and eliminating interfacial forces, the following equations are obtained when an external force (f 1 ) is applied at rigid mass a: 
(6b) Simultaneous solution of (6a-b) yields the driving point and transfer mobilities: 
where 
In a similar manner, governing equations and mobilities are written as follows when an external force (f 4 ) is applied at rigid mass b: 
) ∆( 
From (7a-b), the motion transmissibility between two rigid masses is 
This approximate method provides reasonable results for transfer stiffness at higher frequencies, but yields a poor estimation at lower frequencies ( ω′ > ω ). In order to enhance the identification scheme at low frequencies, the following transfer function is introduced in place of the typical motion transmissibility term [12] 
From the above transfer function, the transfer stiffness is now approximated as follows by assuming 
Represent the above equations of motion in matrix form as follows: 
ú û ù ê ë 
(17b) Finally, the motion transmissibility in flexural motion is obtained as follows using (17): 
Next, the stiffness matrix can be partitioned and represented by sub-matrices of the mobility matrix by using the following: (19) Using (19), the motion transmissibility can be represented in terms of stiffness matrices as follows:
(20a) Therefore, the transfer stiffness matrix of an isolator is approximated as follows where ) | ( V can be defined as follows: 
SIMULATION EXAMPLE: In order to critically examine the generality of the original and refined schemes by Thompson et. al. [12] , a simulation example is chosen and symmetric and asymmetric isolators as shown in , approximate method using equation (12); , approximate method using equation (14); o, direct analytical solution. Figure 3 (b) is assumed to be free at both ends. Hence, the additional elastic elements, K 1 and K 2 , are not used since this assumption should reduce inaccuracies that may exist in the identification results. As seen in Figure 8(a) , the refined identification scheme for axial stiffness based on equation (14) seems to exhibit good results at all frequencies for the symmetric isolator even though the transfer stiffness identified using equation (12) shows discrepancies in the low frequency regime. However, as shown in Figure 8(b) , deviations are observed in the asymmetric isolator results, based on both approximate identification schemes. Such deviations come from the approximations made in the identification schemes and the fact that the driving point and the transfer stiffnesses are not equal. In the identification of flexural stiffnesses, discrepancies at low frequencies are observed in either scheme based on (20b) or (21b) for both symmetric and asymmetric isolators as observed in Figures 9 and 10 . The refined scheme does not suppress discrepancies at lower frequencies since the effect of difference between driving 
point and transfer stiffness matrices still remains imbedded. This is due to the coupling that is introduced by flexural motions. Also, it is seen that deviations are more pronounced for the asymmetric isolator at moderately high frequencies. Nonetheless, it should be noted that the discrepancies beyond the low frequency regime could be reduced when a larger inertial element is used for mass b.
IDENTIFICATION OF MOBILITY MATRIX OF AN ISOLATOR
METHODOLOGY: Multi-dimensional mobility matrix of a vibration isolator can be identified using the proposed mobility synthesis formulation. Multi-degree of freedom connections at both ends of an isolator are modeled since information at both ends of a sub-system would be needed. Two masses are attached to an isolator like Figure 3 (a) and the synthesized mobility for the overall system is formulated first. Then the mobility matrix of an isolator is reformulated given the synthesized formulation. Finally, the mobility matrix of an isolator can be obtained by substituting the synthesized mobility matrix with measured mobility matrix for the combined system. It is possible to measure all elements of the multi-dimensional mobility matrix from the fact that an application of force with an offset from the reference point results in both force and moment simultaneously. In order to examine the proposed identification procedure in detail, recall Figure 1 For a true three-dimensional motion, mobility matrices ij β and M ij are of dimension 6 and each matrix should be well populated since all motions are interrelated. However, we assume, for the sake of convenience, that each mobility matrix is composed of six diagonal terms and some coupling terms that link linear and angular motions in lateral directions. In other words, we assume that there does not exist any coupling between axial (x) and lateral motions (y and z) with reference to the coordinate system in Figure 1(a) . Consequently, the mobility matrix ij β of an isolator in three-dimensional motions has the following components: 
In this representation, the x-axis is the axial direction and the x θ is the angular motion about the x-axis. Hence, coupling terms in these directions vanish.
EXPERIMENTAL STUDIES
EXPERIMENTAL SYSTEM AND MEASURMENT SAMPLES: Mobility model for one rubber isolator (grommets) is identified using the proposed procedure. Two masses are attached to the ends of each isolator and the combined system of Figure 3(a) is suspended to simulate free boundaries. The reciprocity principle has been applied throughout the synthesis procedure since small inconsistencies or noise in frequency response function measurements can significantly contaminate results via the numerical inversion process that is essential to the entire procedure. Figure 11 shows a schematic that is used for experimental work; refer to Table 1 for a listing of instruments. The impulse hammer is used for force excitation and five spectra (up to 2 kHz) are averaged for each measurement. An analog summing circuit is used to decompose the translational accelerations acquired at two opposite locations into rotational motions. Figure 11 . Experimental schematic used to identify mobilities of an isolator. 
CONCLUSION
A new characterization method has been proposed for the identification of multi-dimensional frequencydependent transfer stiffnesses of an isolator. Our method uses a physical system that consists of two inertial elements and an isolator. Further, refined multidimensional mobility synthesis and decomposition procedures have been formulated. Results of the proposed scheme compare well with test data for one practical isolator in axial motions on a commercial machine up to 1 kHz. Also, approximate identification methods, as proposed by Thompson et. al. [12] , are critically analyzed for axial stiffnesses. Aforementioned method [12] is then extended to the identification of isolator stiffnesses in flexure. One simulation example is carried out for both symmetric and asymmetric isolators. Such approximate methods show some discrepancies from the exact stiffness in low and moderately high frequency regimes, depending upon the isolator, due to the simplifications that are made in the formulation of such methods. For instance, this disagreement is pronounced for an asymmetric isolator. Further work is required to fully understand this and other research issues. 
